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We study how charges of global symmetries that are manifest in the ultra-violet definition of 
a theory are realized as topological charges in its infra-red effective theory for two-dimensional 
theories with M = (2, 2) supersymmetry. We focus on the charges that the states living on S 1 carry. 
The central charge—or BPS masses—of the supersymmetry algebra play a crucial role in making 
this correspondence precise. We study two examples: 17(1) gauge theories with chiral matter, and 
world-volume theories of “dynamical surface operators” of 4d Af = 2 gauge theories. In the former 
example, we show that the flavor charges of the theory are realized as topological winding numbers 
in the effective theory on the Coulomb branch. In the latter, we show that there is a one-to- 
one correspondence between topological charges of the effective theory of the dynamical surface 
operator and the electric, magnetic, and flavor charges of the 4d gauge theory. We also examine 
the topologically charged massive BPS states on S 1 and discover that the massive BPS spectrum 
is sensitive to the radius of the circle in the simplest theory—the free theory of a periodic twisted 
chiral field. We clarify this behavior by showing that the massive BPS spectrum on S 1 , unlike the 
BPS ground states, cannot be identified as elements of a cohomology. 


I. INTRODUCTION 

Let us consider a quantum field theory defined at some 
ultra-violet (UV) scale with a set of massive fields of mass 
~ fi, which we schematically denote In the infra-red 
(IR) effective theory, describing the physics far below the 
mass scale fi, the fields are integrated out and are 
absent from the path-integral description of the IR field 
theory, if there is one. Given that the UV Lagrangian had 
some global symmetry, a natural question to ask is how 
to detect the symmetries of the UV theory in the IR effec¬ 
tive theory. There are well understood classic examples 
where the charge of a global symmetry of the UV theory 
manifests itself as a topological charge in the IR [K-Q. 
In this paper, we study some two-dimensional examples 
of theories with M = (2, 2) supersymmetry in which the 
correspondence between the charges of the global sym¬ 
metries in the UV and the topological charges in the IR 
can be made precise. 

The crucial fact that enables us to match the UV and 
IR charges, is that the BPS central charge of a state in 
a 2d M = (2,2) theory is determined by its topological 
charges |§j. We focus on examples with theories with one 
twisted chiral multiplet, but our results are expected to 
generalize to other cases. These topological charges arise 
when the twisted superpotential of the theory is multi¬ 
valued with respect to the value of the scalar a in the 
twisted chiral multiplet mm- The multi-valuedness of 
the superpotential gives rise to a non-trivial topological 
structure of the space “X” the twisted chiral field a takes 
values in—in particular, the homology group H\(X) can 
be non-trivial. In this case, the states living on the spa¬ 
tial slice 5 1 , or “S' 1 states,” can carry topological charges 
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valued in Hi(X). The supersymmetry algebra acting 
on states with a given topological charge has a central 
term determined by the topological charge mm- This 
central charge gives a BPS bound to the mass of states 
Sill- When a given theory is an IR effective theory of 
some UV theory, the topological charges in the IR can 
be matched with global charges in the UV by comparing 
the central charge of the supersymmetry algebra of the 
“two” theories. 

The topologically charged BPS states, the mass of 
which saturates the lower bound given by a non-zero cen¬ 
tral charge of the supersymmetry algebra, come in short¬ 
ened multiplets of the supersymmetry algebra. There 
is much to be learned about the massive BPS states on 
S 1 , the spectrum of which is expected to be more sub¬ 
tle compared to BPS ground states. For example, it has 
been demonstrated in [llj that classical BPS field con¬ 
figurations carrying topological charge do not necessarily 
survive as BPS states in the quantum theory. In this pa¬ 
per, we show that the massive BPS spectrum depends on 
the radius of the spatial circle by examining the simplest 
theory with non-trivial topological sectors—the theory of 
a free periodic twisted chiral field with a linear twisted 
superpotential. For generic values of the radius, there 
are no massive BPS states on S' 1 in the free theory, while 
BPS states do appear for discrete values. 

In the Morse theory-based approach to BPS spectra 
the BPS ground states of a sigma model can 
be identified as the elements of a particular cohomology 
of the loop space CX of the target space X Q From this 
point of view, one might be wary about the claim that the 
BPS spectra of a theory exhibits unstable behavior under 
the variation of information contained in the (twisted) su- 
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perpotential of the theory. We clarify this point by show¬ 
ing that massive BPS states in topological sectors are not 
elements of a cohomology represented by harmonic forms, 
but rather distinguished differential forms on loop space 
that are annihilated by a certain quadratic operator. In 
the process, we find that the supersymmetry charges can 
be identified with operators acting on differential forms 
of CX. Let us note that the loop space CX consists of 
disjoint components that correspond to different topo¬ 
logical sectors of the theory. In topologically non-trivial 
sectors in which the central charge of the supersymmetry 
algebra does not vanish, the supersymmetry charges can 
be constructed by adding a connection to the equivari- 
ant differential operators that have been studied, among 
other places, in [liilHsL 19]. @ 

We have taken only very preliminary steps in studying 
massive BPS states on S' 1 in this paper. It would be 
interesting to understand what we can learn about them, 
and to further develop and utilize computational tools 
[l3l - [T7l . l20l - l22l ] that give access to information about these 
states. 

This paper is organized as follows. In the first two sec¬ 
tions, we study examples of theories whose superpotential 
in the IR is multi-valued in the target space. The first 
example, which we study in section im is the Coulomb 
branch effective theory of a 17(1) gauge theory with n 
charged chiral matter fields. We show that the topologi¬ 
cal charges of the S 1 states of the effective theory is given 
by (n — 1) winding numbers, and identify them with fla¬ 
vor charges in the UV. In section mu we study what we 
call the “dynamical surface operator theory” of 4d AT = 2 
gauge theories (23l - (27j . This theory is obtained by tak¬ 
ing the surface operator theory of [28j , and promoting the 
complex Fayet-Iliopoulos (FI) parameter to a dynamical 
twisted chiral multiplet. We show that the topological 
charges of this theory coincide with the electric, mag¬ 
netic and flavor charges of the four-dimensional theory. 
We end by studying the behavior of the BPS spectrum 
of S 1 states in section [TV] We first study the spectrum of 
the theory of a single periodic twisted chiral field with a 
linear potential in some detail and show that its spectrum 
varies as the radius of the spatial circle is changed. We 
then study the problem by recognizing that the states of 
the theory are differential forms on the loop space of a 
flat cylinder and characterize the BPS states in this lan¬ 
guage. In particular, we construct the supersymmetry 
operators modifying equivariant differential operators by 
adding a connection, and generalize the construction to 
arbitrary sigma models with (twisted) superpotentials. 
Some technical details are collected in the appendices. 

Note added: During the completion of this paper, I have 
become aware that its contents have some overlap with 
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the work 0- I would like to thank the authors of [lg} for 
kindly sharing relevant parts of their manuscript before 
its publication. 

II. FIRST EXAMPLE: (7(1) GAUGE THEORY 

Our first and main example is a 2d M = (2, 2) gauge 
theory with a (7(1) gauge group and n chiral multiplets 
of charge q k . We turn on generic twisted masses m k 
for the chiral fields, and a complex FI term with parame¬ 
ter t. Our conventions are such that the imaginary part of 
the complex FI parameter is the theta angle of the theory. 
Such theories were studied in great detail in [illU. The 
UV theory has a (7(1)" - 1 flavor symmetry, the charges 
of which we denote by Qi. We denote the gauge charge 
Qo ■ The flavor symmetry U(l)i is defined so that the 
chiral multiplet Q k has charge a^fc. The a q*, are chosen 
to satisfy ai^qu = 0, so that they are orthogonal to the 
gauge charge. Here, let us introduce the unique matrix 
(3 k ,i such that 

qk/3k,i = 0 and /3 k ,iCii,i = hi - qm/q 2 ■ (1) 

While is an (n-l)xn matrix, it is useful to think of 
it as an invertible linear map from the (n—l)-dimensional 
subspace Syr = {(arfc) : q k x k = 0} of M ra to R ra_1 . /? is 
the inverse map of a from R" -1 to Syr. 

The (7(1) gauge multiplet has a complex scalar field 
a as a component. At some IR scale qim -C m k , 
when this complex scalar field takes values such that 
(q k a + m k ) p, ir , the chiral fields can be integrated 
out from the theory. The effective theory in the IR is a 
theory with a single (7(1) vector multiplet with a twisted 
superpotential [29|: 

27rW = -f e //E-^(g fc E+TO fc ) log(g fc S+m fe )//ij fi , (2) 
k 

where we have dropped a constant shift, which does not 
affect the physics in anyway. The field E is the twisted su¬ 
perfield that has a as its lowest component. The charges 
Qi are then identified with the topological charges of the 
effective theory: 

Qi = ^ J dx d x Y, a iik arg(g fc cr + m k ) (3) 

where the integral is taken over the spatial slice L of 
the QFT. This equation can be obtained by integrating 
expectation value of the flavor current component ai^ k j k - 
In particular, it can be understood as coming from the 
term i/j k 7°V’fc in j k , due to the fact that ( q k a + m k ) is 
the effective complex twisted mass of the fermions in the 
chiral multiplet Q. Here, ip k is the Dirac fermion in 
the multiplet We prove this claim when L is an S’ 1 
with more rigor shortly. 

Before doing so, let us note that when L is a circle, Q t 
is given by the winding number of the phase of Y\i{q k cr + 
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mk) ai ' k around L , i.e., 

Qi = wz Q!i,fcA(arg(qfc(7 + TOfc)) ■ (4) 

k 

These winding numbers span the complete lattice of 
topological charges of a state on S' 1 in the IR theory. This 
is because the target space of the IR theory, due to the 
superpotential ([2]), can be thought of as an n-punctured 
plane X with punctures P k at er = —m k /q k - Therefore 
the lattice of topological charges, or the winding num¬ 
bers of S 1 states live inside Hi(A, Z), spanned by the 
one-cycles Ck surrounding the puncture Pk . The topo¬ 
logical charges of a state on the compact manifold S 1 , 
however, cannot span the entire vector space H\ (X, Z). 
This is because of Gauss’ law, which imposes the state 
to be neutral under the 17(1) gauge symmetry. This re¬ 
stricts the winding number w = WkCk of the state to 
satisfy 

qkw k = <ZfcA(arg(g fc cr + m k )) = 0 . (5) 

We see that the winding numbers 0 form a basis for this 
subspace of Hi(X, Z), and hence represent all topological 
charges an S' 1 state can have. 

We can prove 0 in two different ways. The first is 
to use a supersymmetric version of bosonization in, mi, 
which is often referred to as “dualization” in the litera¬ 
ture. The chiral multiplets $> k can be dualized to periodic 
twisted chiral multiplets Y k ~ Yk + 27ri, where 

d x lm.y k = -2?rj° . (6) 

Here, x is used to denote the spatial direction while yk 
is the lowest component of Yk- In particular, this implies 
that the charge obtained by integrating j% along space is 
to be identified with the negative of the winding number 
of Yk . Then it has been shown that the initial theory is 
dual to a 17(1) theory coupled to these twisted multiplets 
via the twisted superpotential [30): 

27rW = —tH + y~)(g fc £ + m k )Y k + e~ Yk . (7) 

k k 

Just as before, when (q k a + mk) yiR, the twisted 
chiral fields Y k can be integrated out to yield an IR ef¬ 
fective theory of a single vector multiplet. This leads to 
the effective superpotential 0 as expected. Meanwhile, 
upon integrating Y k out using 0, we find that yk is to 
be identified with — arg(q , / c cr + m k )- Hence, the wind¬ 
ing number of Yk is identified with the negative of the 
winding number of a around the point — mk/q k ■ Since 
the flavor charge Qi is given by the winding number of 
- J2k a i,kY k , we arrive at 0. 

There is another way of getting at the identity 0 with¬ 
out relying on any dualities. This involves the central 
charge of the supersymmetry algebra of the theory. By 
acting on the chiral fields with the supersymmetry oper¬ 
ators, we find that 

{Q+, Q-}$fc = 2(g fc cr + m k )$k , (8) 


where we have used the conventions of l30l ). Defining the 
central charge Z of the supersymmetry algebra by 

{Q+,Q + } = 2(H-P), {Q~, Q-} = 2(77 + P ), 
{Q+,Q-} = ^Z, {Q+,Q.} = -2iZ, 

the equation (0 may be re-written as a relation between 
the central charge and the gauge / flavor charges: 

Z = -i (a + Qo - i J2 m lsPk,iQi ■ (10) 

The bar on Z in equation 0 has been used to denote 
complex conjugation. Using 

Qo$k = qk^k, Qi^k = a-i,k$k , (n) 

and the definition © of /3, we can check that equation 
@ is indeed satisfied for the chiral fields <& k - 
For states coming from quantizing the phase space of 
fields on S 1 , Q o is always zero: 

Z — Z ^ ) ‘kkl k Pk,iQi • (1*1) 

i,k 

Note that the central charge Z gives a lower-bound for 
the mass m of S 1 states, i.e., m > \Z\. BPS states are 
defined to be states that saturate this bound. A massive 
BPS multiplet consists of two components, as opposed to 
the four of a long multiplet [20}. 

Meanwhile, in the IR theory, the central charge Z of 
the supersymmetry algebra can be computed to be @, 

US, 113 

Z = AVV(cr), (13) 

where AW(cr) denotes the integral of d x W(cr) along the 
spatial slice. Now when W is single valued for given val¬ 
ues of the twisted chiral fields, the only way Z can be 
non-zero is when the spatial slice is a line and <r inter¬ 
polates between the saddles of VV from one end of the 
line to the other 00- In this case, states on S 1 cannot 
have a non-trivial central charge. Meanwhile, when W 
is multivalued with respect to cr, and the different values 
can be approached by continuous variations of the fields, 
AW can have non-trivial values even on compact spatial 
slices, such as S 1 00 - The twisted superpotential of 
the effective 17(1) theory in question is precisely of this 
nature HI- In fact, on S 1 , the central charge is related 
to the winding numbers around P k by 

Z = AW = -^y^m fc A(arg(q fc (7 + TOfc)) (14) 

k 

due to the superpotential ©. Again, we stress that 
for S 1 states, the winding numbers are restricted by the 
Gauss constraint 0 which is crucial for arriving at the 
above equation. Equating equations m and (ED , we 
arrive at the identification fl?]). 
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We thus have derived that the flavor charges of the 
UV gauge theory become topological charges, or winding 
numbers, of the IR theory. We have also derived the 
BPS central charge of states in S 1 with respect to the 
topological charges in equation m- 

III. SECOND EXAMPLE: WORLDVOLUME 
THEORY OF A DYNAMICAL SURFACE 
OPERATOR 

Our next example is that of a “dynamical surface op¬ 
erator” (DSO) in a 4d Af = 2 SU(N ) supersymmetric 
gauge theory p3l427j . Our dynamical surface operator 
theories come from a slight modification of the class of 
surface operators [33l-f35| studied in [28]. The surface op¬ 
erators of @ are 2d defects of the 4d theory, of which the 
world-volume degrees of freedom consist of a 17(1) vec¬ 
tor field and N chiral multiplets, with a Fayet-Iliopoulos 
term W = f£. As before, £ is the field strength mul- 
tiplet of the vector field. The surface operator theory 
becomes coupled to the bulk theory by coupling the ad¬ 
joint scalar field of the 4d vector multiplet as a twisted 
mass of the SU ( N ) flavor symmetry of the chiral multi¬ 
plets in the 2d theory. The dynamical surface operator 
theory is obtained by promoting the FI parameter t to 
a twisted chiral superfield, which we denote T. While 
many aspects of the theory of the DSO depend on the 
details of how the FI parameter is made dynamical, the 
topological charges and the central charge of the super- 
symmetry algebra do not depend on these details, but 
only on the effective twisted superpotential of the the¬ 
ory, which has been computed in [281 ] . Let us study the 
topological charges of the S 1 states of this theory, and 
relate them to the central charge of the supersymmetry 
algebra. 

The effective dynamical surface operator theory is ob¬ 
tained by moving to a point u in the Coulomb branch of 
the 4d theory and integrating out all the massive fields 
of the 4d and 2d theory at that point. As a result of jUj], 
the effective theory of a DSO then becomes a 2d sigma 
model into the Seiberg-Witten curve £ u [H, [24| of the 4d 
theory at it, which is given by an A-fold cover of the com¬ 
plex f-plane. The IR theory has a twisted superpotential 

BH 11: 

W = J A sw,u (15) 

where p is a point on £„, and Xsw,u is the Seiberg- 
Witten differential at it j2j|, [24[. Now the superpoten¬ 
tial m is not singled valued with respect to point p, 
which is of course, associated to the topology of the tar¬ 
get space. First of all, the Seiberg-Witten curve is a 
Riemann surface and has non-trivial cycles. Also, the 
Seiberg-Witten differential A sw,u has a collection of sim¬ 
ple poles on £„, given that generic twisted masses 
mj? have been turned on for the Cartan subgroup of the 
four-dimensional flavor symmetry. While the number of 


poles Np is in general greater than the rank Rf of the 
flavor symmetry of the four-dimensional theory, the num¬ 
ber of independent residues is given precisely by Rf. In 
other words, there are (Np — Rf) linear combinations 
of poles Pk such that the residues of the Seiberg-Witten 
differential at 

Pk = ^ Ck,pPp, i = 1, • • • , (Np - Rf) (16) 
a* 

are trivial. Denoting the cycles surrounding P ^ as C^, 
we find that the linear combination of cycles Ck = 
c k,pCp are invisible to the Seiberg-Witten differen¬ 
tial. We hence see that the lattice of topological charges 
of the S 1 states of the theory can be identified with 
i7i(£ \ {P M }, Z)/A, where A is a subgroup of the ho¬ 
mology group generated by Ck- 

Hence there are 2 (N — 1) topological charges n,; and 
nii which are winding numbers around non-trivial cycles 
of the Seiberg-Witten curve and Rf topological charges 
s f coming from the linearly independent combination of 
cycles Cf that surround the linear combination Pp of 
poles of A sw,u- The topological charges rij, to* and sf of 
the theory can be identified with the electric, magnetic 
and flavor charges of the 4d theory (Hi HH (HI • Note that 
the 4d hypermultiplets have been completely integrated 
out of the theory, and that the UV flavor symmetry man¬ 
ifests itself in the two-dimensional effective theory as a 
topological charge, as advertised. Moreover, the central 
charge Z of the supersymmetry algebra, given that the 
spatial slice of the 2d theory is 5 1 , is given by 

iv-i Rf 

Z = AW = ^ (riia l + m l aD,i) + ^ sfRIf , (17) 

i—1 F -1 

where a l (u) and apf(u) are the electric-magnetic 
weights, while mj? are the twisted masses for the 4d flavor 
symmetries (23], [24], (2f| . This follows from the definition 
of a % dD,i as integrals of A sw,u over the electric and 
magnetic cycles of the Riemann surface, and tuf as the 
residue of the Seiberg-Witten differential at Pp. As a re¬ 
sult, the charges and the mass formula of the BPS states 
of this 2d theory on S 1 coincide with the charges and the 
mass formula for the BPS particles of the 4d theory on 
K 3 . 


IV. BPS STATES WITH TOPOLOGICAL 
CHARGES 

A natural question to ask in light of our results is how 
to calculate the spectrum of BPS states on S 1 . The 
BPS spectrum, however, is expected to be rather non- 
robust. To be more precise, we expect the BPS spectrum 
of the two-dimensional theory to depend on the details 
of the spatial slice. For example, it is clear that the BPS 
spectrum will depend on the spin structure of the com¬ 
pact space S 1 . Unless the spin structure is fixed to be 
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Ramond-Ramond (RR), the A f = (2,2) supersymmetry 
is broken by boundary conditions. More surprisingly, we 
can see that the spectrum with RR spin structure jumps 
as the radius of S 1 varies, even for a theory as simple as 
the free theory with a linear superpotential. We exhibit 
that the BPS spectra change drastically with respect to 
the dimensionless central charge rZ , where r is the radius 
of the spatial circle. 

This may be a cause of alarm for some, as BPS ground 
states of a sigma model into X can be understood as el¬ 
ements of a par ticular cohomology of CX , the free loop 
space of X [lij H3| . We show that this is no longer 
true for massive BPS states. Given that the theory has 
non-trivial topological charges, the loop space CX de¬ 
composes into disconnected components CX\q_~, one 
for each topological sector of charge w. A massive BPS 
state of charge w is a differential form in CX | q = ^, anni¬ 
hilated by a differential operator A bps that we construct 
shortly. The BPS ground states, which he in the topolog¬ 
ical sector CX |^_g, are defined to be differential forms 
annihilated by the positive semi-definite Laplacian oper¬ 
ator constructed from supercharges, which correspond to 
linear operators D and D* acting on differential forms in 
the loop space. 0 Thus the ground states of the theory 
must be “harmonic” in the supercharges: 

D^ = D*^ = 0. (18) 

This is why they represent elements of the cohomology 
of CX\q_q. Meanwhile, the operator A bps that anni¬ 
hilates massive BPS states is not positive semi-definite. 
While the basis of massive BPS states can be organized 
such that each element 'F a is annihilated by a differential 
operator Q a = e lda D + e~ ,6a D* , t[/ a is not annihilated 
by Q* a . Thus these states are not elements of the D- 
cohomology, and are not guaranteed to be stable under 
deformations of the theory. 

A. Free theory 

Let us now consider a theory with one twisted chiral 
multiplet Y with periodicity Y ~ Y + 2nsi and twisted 
superpotential W = MY. This theory is a sigma-model 
into a flat cylinder. We take s to be an arbitrary real 
number. The topological charge of the states on S 1 is 
given by the winding number w around the imaginary 
direction of Y, and the central charge of the supersym¬ 
metry algebra is given by 

Z = AVV = 2t riMsw . (19) 


3 Here we momentarily convert to describing theories with M = 
(1,1) supersymmetry for simplicity of presentation. The su¬ 
percharges are identified with modified versions of the exterior 
derivative d and its dual d* that act on differential forms of CX in 
this case. In Af = (2, 2) theories, the supercharges are modified 
versions of Dolbeault operators and their duals, as we present at 
the end of the section. 


Meanwhile, the twisted superpotential merely adds a con¬ 
stant \M\ 2 to the Lagrangian of the theory. Free theories 
of periodic superfields are well understood. In particular, 
at generic values of the radius of S 1 , the free theory does 
not have any states of mass 2n\M\sw as we see shortly. 
Furthermore, the theory is devoid of any classical BPS 
winding configurations. When the radius r of the S 1 
satisfies 

\M\r = ws (20) 

for some w £ Z, however, there exist classical time- 
independent BPS configurations with winding number 
±w of which the mass saturates the BPS bound. 

Let us examine the quantum S 1 states of this theory 
with RR spin structure. The spectrum of the quantum 
theory is well known, and is explained in great detail in 
standard texts [33, [38}. The states are constructed from 
the “ground states” |p; n,w;i,j) that are labeled by three 
numbers—the momentum p in the non-compact direc¬ 
tion, the discrete momentum n and the winding number 
w in the compact direction—and the spinor indices i,j. 
These states are in the 2x2 representation of Spin( 2). 
All states of the quantum theory can be obtained by act¬ 
ing on the ground states in a given momentum-winding 
sector with creation operators of massive modes on S 1 . 
The mass of a state in a momentum-winding sector la¬ 
beled by (n, w) then satisfies 

m 2 > QA - CC + |JU| 2 ) 2 + 4tt 2 w 2 s 2 \M\ 2 , 

( 21 ) 

where the inequality is saturated if and only if p = 0 and 
the state is a ground state in the (n,w) sector. What 
this equation shows is that for fixed winding number w, 
the BPS bound is saturated if and only if 

\M\r = (22) 

for some integer n. Now the momentum of this state is 
given by P = 2nnw/r , hence we see that the condition 
for there to be a time-independent BPS state (n = 0) 
is precisely given by the classical formula (|20|). While 
topologically charged BPS field configurations are not, 
in general, guaranteed to survive as BPS states in the 
quantum theory 0 , in the simple case of the free theory, 
we see they do. 

Let us note that nothing special happens at the radius 
(1331) no new states are introduced to the spectrum, or 
taken away. At this radius, the four states |0;n, w;i,j), 
with fixed n and w, happen to have mass 2n\Msw\ and 
split into two BPS multiplets, whereas at a generic ra¬ 
dius, these states form one long representation of the su¬ 
persymmetry algebra. It is clear that for the free theory, 
the spectrum of BPS states change with r, and in fact, 
for generic r, there are no BPS states at all. 

From this example, we see that massive BPS states on 
S 1 can appear and disappear as the radius of the spatial 
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slice is tuned, and that there may be no BPS states at 
certain, or even most radii. This does not violate any in¬ 
dex theorem, as the BPS states appear and disappear in 
pairs. In fact, this is something expected, as the Cecotti- 
Fendley-Intriligator-Vafa (CFIV) index Tri r (—1) F [20| . 
which is specialized to counting massive BPS states, van¬ 
ishes on the torus due to CPT invariance j2l|. This im¬ 
plies that S 1 states with topological charge, even if they 
exist, come in pairs and cancel out in the index, just as 
in the free theory. 

Such behavior of the states can be attributed to the 
fact that the massive BPS states cannot be identified as 
elements of a cohomology, unlike the zero-energy ground 
states of the theory. This can be explicitly demonstrated 
for the free theory studied above. All the salient fea¬ 
tures can be exhibited, in fact, with a M = (1,1) the¬ 
ory obtained by only retaining the compact scalar field 
(f> ~ (f> + 2ns and a single Majorana fermion [gj. The lin¬ 
ear superpotential V = —iM(j> of the theory is now real, 
i.e., M is a real mass. This theory is an Af = (1,1) su¬ 
persymmetric sigma model whose target space is a circle. 

The states of these theories are constructed from 
ground states 


| n,w), tpo\n,w) (23) 

that are labelled by the momentum and the wind¬ 
ing number as before, except now the RR-vacuum has 
degeneracy-two. We have made the presence of the 
fermion zero mode i/jq explicit. Note that i/jq = 1. The 
states are built by acting on the vacua by real oscillators 
and 


(n ^o° k w > ■ ( 24 ) 

The powers of the fermion oscillator fi for l > 0 are 
restricted to be less than two, for the state to not vanish. 

These states, which form a basis for the wave function 
of the theory, can be understood as complex-valued dif¬ 
ferential forms on the free loop space CS 1 of the circle, 
which is just the space of all the maps from the spatial 
circle of the quantum field theory to the target space. 
We thus use the term “states” and “differential forms” 
interchangeably. Any such map <f> can be decomposed 
into Fourier components: 


,, . , ws v-^ , . Z7TLX 

q>{x) = tpo H-* + 2_^ 91 sm—— . (25) 

i=i 

Now the free loop space decomposes into discrete com¬ 
ponents CS}u labelled by the winding number w: 

CSl = S 1 xR i x R 2 x • • • . (26) 

The coefficients </>, are the coordinates on this infinite 
dimensional space. In particular, </>o spans the target 
circle. A particular basis of differential forms on this 


space consists of the forms 


e 2*iT**o/» d 0A A 




\l=l 


(27) 


Here, is the level-n; eigenfunction of the harmonic 

oscillator of mass l. The differential forms (1271) precisely 
correspond to the eigenstates (l24l) of the free theory. 

Let us now understand how the massive BPS states of 
the theory are characterized. By examining the super- 
symmetry operator, we see that the BPS states should 
be in the ground state of the non-compact directions. 
The only relevant geometry is the circle S' 1 of radius s in 
Cl Sk We now focus our attention on the component of 
the wave function of the theory along the S 1 direction, 
i.e., differential forms on S 1 . 

The real supersymmetry generators Qi and Q 2 satisfy 
the algebra [13| 

Ql = H-P, Q\=H + P , {QuQ 2 } = 47rasM (28) 


in the sector with winding number w. The supersym¬ 
metry operators are differential operators on the forms 
in the loop space. Restricting to the differential forms 
along the S 1 , the operators can be identified. Writing 

m 


4L = i 1 / 2 D+i~ 1 / 2 D\ ~^L = r 1/2 Z)-N 1/2 L>*, (29) 
y/2n y/2n 

we find that 

D = d + wstfo + McbfroA, D* = d* + wsd(f> 0 A +Ml^ 0 , 

(30) 

where d is the exterior derivative acting on differential 
forms. Here we have set r = 1 and absorbed it into M, 
for notational simplicity. This is a slight generalization 
to an equivariant differential of [l3j—the “connection” 
Mdcf> 0 has been further added to the equivariant differ¬ 
ential with respect to the Killing vector field along the 
circle. The star superscript acting on an operator O de¬ 
notes its dual defined by 

J 0*a A */3 = J a A *0/3, (31) 

where the star operator is used to denote the operation 

(*v)h~i n - k = ji \ '!<■’ ,• ( 32 ) 

for differential forms on an n-manifold. 0 In particular, 
for the differential operator d, d* = in one dimension. 


4 While the star operator of this equation can be identified with 
the standard definition of the Hodge star operator [39ll for real 
differential forms, the action of the two operators on complex 
differential forms differ by a complex conjugation of the compo¬ 
nents. 
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The operator t 0 o denotes the interior product with the 
Killing vector d^ 0 . It is simple to check the following 
operator relations: 

D*D + DD* = d*d + dd* + M 2 + w 2 s 2 , 

D 2 = wsC^g + Mws , (D*) 2 = —wsCfo + Mws . 

(33) 

C^ 0 is the Lie derivative along 9^ 0 . These operators, 
along with {DD* — D*D), mutually commute. An easy 
way to check this is to use the fact that D 2 + {D*) 2 is 
central. It follows that both D and D* commute with 
D 2 and {D*) 2 . This is enough to verify the claim above. 

Now the Hamiltonian and the momentum operator are 
given by 


H = 2tt(D*D + DD*) 

P = 2t Ti{{D*) 2 - D 2 } = -2? riwsCfo 


(34) 


The zero-energy states of this Hamiltonian are elements 
of the cohomology defined by the operator D. Since 
d*d + dd* is a positive semi-definite operator, H can¬ 
not be zero unless M = w = 0. Therefore the D- 
cohomology is empty in topologically charged sectors. On 
the other hand when M = w = 0, the D-cohomology is 
nontrivial —it is just the ordinary cohomology of the cir¬ 
cle, and has two elements. These two elements are the 
ground states of the theory with M = 0. 

The massive BPS states cannot be elements of the 
empty D-cohomology. Rather, they are defined as forms 
annihilated by the operator: 


A B ps = DD*-D*D = -—(Q 1 Q 2 -Q 2 Q 1 ). (35) 

47T 


This is due to the relation 


4tt 2 A| ps = H 2 - P 2 - (2? twsM) 2 


(36) 


i.e., the BPS bound is saturated for the mass of states 
with A bps = 0. Note that H, P and Asps mutually 
commute and are Hermitian—the BPS states are hence 
taken to be eigenstates of P as well as of H. A conse¬ 
quence of (1551) is that a simultaneous eigenstate of H and 
P automatically is also an eigenstate of A pps . 

The BPS states can also be recognized in a more stan¬ 
dard way, i.e., as states being annihilated by a linear 
combination of supercharges. Given an eigenstate ^h,p 
of H and P, 


ABPS^h,p = 0 

(37) 

if and only if 


{e ie D + e- w D*)'f hiP = 0 

(38) 

for 9 such that 


2ig 2 ttwsM + ip 

6 ~ h 

(39) 

While the proof is standard, we have added it 
[A] for sake of completeness. 

in appendix 


As noted, the eigenstates on the circle are given by the 
differential forms 

e 27rm0o/ S) A d (j)Q , (40) 

for integer n. From (1551) . we find that a BPS state of the 
free theory at hand must satisfy 


— - tuV + M = 0 

s z 


(41) 


for integers n and w, as we have obtained before in the 
Hamiltonian picture. We thus recover the result that 
BPS states can only exist for values of \M\r that satisfy 
the condition 


B. General case 

What we have said so far can be applied, with some 
modification, to topologically massive BPS states of 
sigma models with M = ( 1 , 1 ) supersymmetry in general. 
CX, the free loop space of X decomposes into compo¬ 
nents LX |q = 1 j, where w labels the topological charges, 
or equivalently, winding numbers. The supersymmetry 
operators can be constructed out of differential opera¬ 
tors on CX\^ = ~- To be more precise, the relations (1^1) 
hold for the differential operators D in the free loop space 
of the target manifold: 


D = d -\- l vk A u /\ . 


(42) 


vk is the Killing vector inherited from the isometry along 
the spatial circle of the 2d theory. A u is the dual one- 
form to a vector field u, i.e., 


A u A = C . 


(43) 


These operators imply the supersymmetry algebra with 
central charge Z E51l . given that A u satisfies 


C Vk A u = 0, 


dA u = 0. 


(44) 


The vector field vk and the relevant one-form A u can be 
explicitly written for the cases of interest, i.e., in topo¬ 
logically non-trivial components of the loop space CX, 
and the properties (TH1) can be explicitly verified. The 
details of this computation are presented in appendix [Bl 
By definition of the Lie derivative, it follows that the 
pairing 


,A U = Z 


(45) 


is constant. In topologically nontrivial sectors with 
Z ^ 0, the cohomology with respect to D is trivial since 
{D,D*} > \Z\ > 0. Meanwhile, there may still exist 
BPS states, i.e., forms annihilated by 

A bps = DD* — D*D. 


(46) 



As in the free case, a massive BPS eigenstate 'Pa of H 
and P is annihilated by an operator 

e ie “D + e- ie “D*. (47) 

Let us end by generalizing what we have learned about 
M = ( 1 , 1 ) theories to theories with AT = ( 2 , 2 ) supersym¬ 
metry. The target space X of an J\f = (2, 2) sigma model 
is Kahler, and the free loop space CX inherits this struc¬ 
ture. Let us construct the supersymmetry algebra of a 
component CX\q-$ with non-trivial topological charge 
from linear forms, which involve the Dolbeault operators 
d and B. 

Let us consider a Killing vector field v on the Kahler 
“manifold” CX\^. The vector v preserves the complex 
structure, and is decomposable into holomorphic and 
anti-holomorphic Killing vectors V and V : 

v = V + V, {i Vl d} = {i Vl d} = Q. (48) 

The vector fields may be written locally as V = V J dj, 
V = V^dj = V 1 dj 1 where I and I label the local holo¬ 
morphic and anti-holomorphic coordinates z 1 and z 1 of 
CX \$. Since d = d + <9, it follows that 

{b V ,d} = C V , {by 1 B}=Cy- (49) 

Since V and V themselves are Killing vectors, 

C*y = -Cy, C*y = -Cy. (50) 

The J\f = (2,2) supersymmetry operators on CX\$ can 
be constructed by using a flat connection 

A u = Ujdz 1 (51) 

on CX\us, and the Killing vector vk = V + V inherited 
from the isometry of S' 1 . 

A U A = b* v (U T = G Tj U j ) (52) 

for a vector field U with only components with holomor¬ 
phic indices, i.e., U = U I di. Here, Gjj = Gj : are the 
compononets of the Kahler metric on CX. Given that 
the connection A u satisfies 

C V A U = C V A U = 0, dA u = BA U = 0, (53) 

the pairing 

Z = (-2 i)b V A u = (-2 i)buA v (54) 

is a constant complex number, while C VK A U = C VK A U = 
0. For A f = (2,2) non-linear sigma models into Kahler 
manifolds with holomorphic superpotentials, the Killing 
vectors and flat connections can be written explicitly, and 
the conditions (l53l) can be shown to hold, following sim¬ 
ilar steps to the proof of the properties flU}. This is 
demonstrated in appendix [Bl 


Let us now define the differential operators 

D = d + by + A u A , + A v A -Hr? , 

__ _ _ _ u ( 55 ) 

V = 8 + by + A u A , & = + A v A +ujj , 

where we have modified equivariant Dolbeault operators 
00 by a connection. The dagger denotes the adjoint 
action on an operator O such that 

J O^a A */3 = J a A *0/3 . (56) 

Note that O* = O t for real operators, by which we mean 
operators such that for any real differential form j3, 0(3 
is also real. It is useful to note that cd = (B)* and B t = 
(d)*. We then arrive at the commutation relations 

{D,D t } = {■£>,&} = H , 

{V,V} = -{V\V^} = iP = C VK , (57) 

T> 2 = (Z)t )2 _ iZ/2 , V 2 = (V ] f = -iZ/ 2, 

while the anti-commutators {V, 'D'\ and {f>, V^} vanish. 
The Hamiltonian H is given by 

2 H =A + \v K \ 2 + \u\ 2 + {d, A v « A} + {d, A vk A}* 

+ {d, l u } + { d , bu\* , 

where we have defined u= U + U. Details of the deriva¬ 
tion of these relations are given in appendix [B] Defining 
the operators 

Q+ = i 1/2 V + i~ l/2 & , Q+ = i l/2 V + r 1 / 2 P t , 

Q_ = i 1/2 V t + i~ 1/2 V , Q_ = i 1/2 & + i~ 1/2 V , 

(59) 

we find that they satisfy the supersymmetry algebra ([9| 
with all other anti-commutators vanishing, [j 

When Z is non-zero, the operators V or V do not define 
a cohomology, due to the last line of (1571) . In particular, 
there are no states that are annihilated by the Hamilto¬ 
nian H. There exists, however, a quadratic Hermitian 
operator that annihilates the BPS states given by 

A S p S = D c d\ - d\D q (60) 

where 2 £ is the phase of iZ , i.e, iZ = \Z\e 21 ^ while 

D v = e~ lLf, V + e iv t >, D\ = e iv V 1 + e~ iv vA . (61) 

Since A bps is Hermitian and 

Apps = 4(H 2 — P 2 — \Z \ 2 ), (62) 


5 We see that the bar used on the supersymmetry operators ac¬ 
tually corresponds to taking the adjoint operation on the differ¬ 
ential operators, rather than complex conjugation. Hence the 
notation Q_|_ and Q_ is misleading, although we have chosen to 
use it for sake of consistency with the literature. 
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the condition that a state is annihilated by A bps is 
equivalent to it having mass \Z\, as desired. Further¬ 
more, following similar steps to the A f = ( 1 , 1 ) case, an 
eigenstate of H and P that is BPS must be annihi¬ 
lated by the two Hermitian operators 


e ie D c + e~ ie D\ 


e -^-§ >%+*)+ 


(C+i 


(63) 


with e 2ie = (ip — \Z\)/h and vice versa. 

We have constructed the supersymmetry operators by 
modifying the equivariant differential operators on loop 
space by a flat connection. In topologically non-trivial 
sectors of the loop-space, in which the central charge Z 
is non-zero, this connection has a non-trivial holonomy 
around the one-cycles given by the orbits of the Killing 
vector field vk- From these operators, we can construct a 
quadratic operator A bps that annihilates the BPS states 
of the theory. It would be interesting to gain a better 
understanding of the differential geometry of loop space 
and in particular, the mathematical significance of the 
operator A bps- 


The left hand side of this equation is precisely given by 
4tt 2 A 2 bps : 


A bps — 0 • (^ 8 ) 

Recall that the eigenstate T^ p of H and P has to be an 
eigenstate of A 2 BPS . Since A bps is Hermitian, we find 
that this is equivalent to 


Asps^fe, p = 0 . (A9) 


Combining this with the result m , we arrive at our 
claim. 

It is useful to note that defining the angle 

9 = ^ + arg(a — ib) , (A10) 


we find that 


e 2iB 



— b 2 — 2iab\ 
a 2 + b 2 ) 


2n twsM + ip 
h 


(All) 


Appendix A: The BPS condition as a linear 
constraint 


and the operator Q(a, b) can be written as 

Q(a, b) = y/a 2 +b 2 (e ie D + e~ i9 D*). (A12) 


In this section, we show that given an eigenstate 
^ H=h P=p of H and P, that the condition 

A BPS^h,p = 0 (Al) 

is equivalent to the condition that there exist real a and 
b such that 

Q(a, b) = aQi + bQ 2 (A2) 

annihilates 

Let us consider the action of Q(a, b) 2 on complex¬ 
valued differential forms. Using the definitions (1291) and 
(l30l) we find: 

J Q(a,b)<j>A*Q(a,b)</) = j Q(a, &) 2 </> A *</> (A3) 

Therefore Q(a , b) 2 is a positive semi-definite operator and 

Q(a,b) 2 ^ hjP = 0 ^ Q(a,b)V h , p = 0. (A4) 

By the supersymmetry algebra, we can show that 

Q(a, b] 2 ^h P = [(h — p)a 2 + 47 xMwsab + (h + p)b 2 ] 4 ! h p . 

(A5) 

Hence the existence of real a, b for which 

Q(a,b) 2 ^Kp = 0, (A6) 

is equivalent to the condition 

(A7) 


Appendix B: The differential geometry of loop space 

In this appendix, we present some relevant facts about 
the differential geometry of the loop space LX. In par¬ 
ticular, we write explicit expressions for vector fields and 
one-forms in loop space that are relevant for defining the 
supersymmetry operators, and verify that they have de¬ 
sirable properties. In particular, we show some identities 
necessary for arriving at the commutation relations C51) 
and (l57l) of differential operators defined in LX. 

Let us denote the real bosonic fields mapping into the 
target space X as 0 M (.s), where s is the coordinate on 
the unit circle. The pair (p, s) constitutes a coordinate 
index in the infinite dimensional manifold LX, while the 
values 4 >tJ, (s) are real coordinates on this space. A vector 
field V, thus, has the component expression 

V= f dsV»' s d^ [s) , (Bl) 

Js 1 

while a one-form A can be written as 

A= f dsAp^is). (B2) 

Js 1 

The sum over the repeated indices are assumed. The 
coordinate dependence of the components U M,S and A MiS 
are implicit. The differential operator d acts on the one- 
form A as 

dA= [ dsd^^ s )A^ s 54> v (s) A <h^(s), (B3) 

Js 1 


h 2 — p 2 — (27 twsM) 2 < 0 . 
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and similarly on differential forms in general. The metric 
on LX is defined by a pull-back from the target space X: 

V ■ W (</>(s)) = [ dsV^W^G^s )). (B4) 

Js 1 

In components, the metric can be written as 

G( M ,*)(*,, S ')0(s)) = G^((/)(s))S(s - s'). (B5) 

Now the components of the Killing vector v R ■ defined 
by the pull-back of the action of the translation along the 
circle to the loop space, can be explicitly written as 

f d^(s) 

v K = / as —-- . (B6) 

Js 1 as 

The one-form A u used in defining the supersymmetry 
algebra is given by 

A u = [ dsd^V^sWris), (B7) 

Js 1 

where V is the N = (1,1) superpotential. The connection 
A u is closed: 


dA u = [ dsd^V^isW^is) A <5<^(s) = 0 . (B 8 ) 

Js 1 


while A u = A u for the (twisted) superpotential W. Re¬ 
call that W is a holomorphic function of the complex 
fields (/>*. Using these definitions, the relations (1551) can 
be proven by following the steps taken in the J\f = (1,1) 
case. First of all, 

BaP = f ds BjdiW Sft (s) A 5<j) z (s) = 0, 

_ (B13) 

BA U = / dsBjdiW(s) A 6(j> l (s) = 0. 

Js 1 

Meanwhile, iyA u = 0 while 

l v aP = [ d s ^^d 4 W(</>(s)) = AW, (B14) 
Js 1 ds 

which is constant in each component of LX. Thus (1551) 
follows. 

Some additional identities need to be shown in order 
to arrive at the commutation relations (EllD- To show the 
vanishing of the commutators {V ,and {f>,Vp, the 
following must hold: 

{a, AP A} = (BApA = 0, {9, iu} + {5, i v y = 0. 

(B15) 

The first identity follows from the fact that the target 
manifold is Kahler, that is: 


Also, by definition, 

l vk A u = [ ds^WduVMs)) = AV (B9) 
Js 1 as 

is a constant determined by the topological winding num¬ 
ber of the component LX of the loop space. It fol¬ 
lows that 


L VK A U = {d,u VK }A u = 0. (BIO) 

We have thus proven the properties (|44l) of A u . 

Let us now consider the case of a sigma model with 
M = (2,2) supersymmetry. The target space X, and 
correspondingly, the loop space LX are now Kahler. 
Now (f> l (s) denote the complex bosonic component of the 
(twisted) chiral fields, while *, j, ■ ■ ■ and i,j , • • • are used 
to index the holomorphic and anti-holomorphic coordi¬ 
nates, respectively. Now the pair of coordinates ( i , s) 
makes up the holomorphic indices on LX, while (i, s) 
makes up the anti-holomorphic indices. The Killing vec¬ 
tor vk = V + V splits into a sum of a holomorphic and 
anti-holomorphic Killing vector. V and V can be explic¬ 
itly written as 




V = 


Is 1 


ds d ^d- 


The one-form A u in equation (l55l) is given by 


(BH) 


A u = ds9 l W(0(s))^ i (s), (B12) 

Js 1 


BA V = J dsd k S P( S ) A S P( S ) 

= f ds (dkdidjK) A dpis) = 0 . 

J s 1 ds 

(B16) 

Here the fact that the Kahler metric is given by Gq = 
diBjK for the Kahler potential K has been used. 

The condition BA U = 0 is enough to ensure that the 
second equation of (IB 151) holds. Let us denote all coordi¬ 
nate indices of LX using M, N, ■ ■ ■ while using the letters 
I, J, K, L and I, J, K, L to denote holomorphic and anti- 
holomorphic indices, respectively. These indices have a 
continuous range, and the sum/integral over the repeated 
indices are assumed in the equations to follow. We also 
denote the holomorphic (anti-holomorphic) local coordi¬ 
nates by z 1 (z 1 ), respectively. The action of {d,bu} on 
a differential form T with components Tm 1 m 2 -» is then 
given by 

[{d,iu}T] Mi M 2 ... = U I diT Ml M 2 - 
+ (dM t .U I )TM 1 —M r — 1 IM r+1 -- ■ 

M r : holomorphic index 

(B17) 

Recall that the components of A u = Ujdz 1 are related 
to the components of the vector U = U I di by Uj = 
GjjU J while BjUj = 0 for all pairs of I and J. Using 
this fact and the fact that the only non-zero Levi-Civita 
connections of a Kahler manifold are given by 

r I jK = -G K - L djG lL , T I jr = -G Rl BjG Il , (B18) 
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we arrive at 

{d,i V }T= U m X7 m T. (B19) 

It can also be shown using the same set of facts that 

V M U M = 0. (B20) 

Equations (IB19I) and (IB20I) imply the equality {d,tu} = 
— {9, lu}*, since 


J (C/ M V M ot) A */3 = 

- J(\7 M U M ){a A *p)- 


(B21) 

a A *(U m 'V m /3) ■ 


To show that the commutation relation 


Using the flatness of A u , this equation can be rewritten 
as 


[{dAu}T ] MiM2 = 'Y^{^7 M U Mr )T Ml -Mr- 1 MM r+1 - ■ 

(B26) 

From this equation and the definition of the action of * 
on operators, it follows that 


(B27) 

Meanwhile, the flatness of A u along with equation (IB18I) 
is enough to arrive at 


V M r 


U M 


BjU 1 2 3 4 5 6 7 

0 


when M r = J and M = I 
otherwise, 


(B28) 


{£>, Tb} = {£>, P t } = H (B22) 

holds, the following equalities must also be verified: 
{d,A v A} = {d 1 A V A}, {d,Lu} = {d,LuY. (B23) 


that is, V Mr U M vanishes unless M r is an anti- 
holomorphic index and M is a holomorphic index. Com¬ 
paring equations (IB25I) . (IB27I) and (IB28I) . we arrive at 
the second identity of equation (IB23I) . 


The first of these equations follows from the fact that vk 
is a Killing vector, i.e., V m(vk)n n(vk)m = 0. This 
implies that 
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dA v = drfjdz 1 A dz J = djVrfz J A dz 1 = dA v . (B24) 

Meanwhile, the action of the operator {9, ljj} on a dif¬ 
ferential form T is given by 
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M r : anti-holomorphic index 
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